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¢ Introduction

The generalized Hexanacci sequence {Wy(Wo, Wy, Wa, W3, Wa, Ws; 1, s, t, U, v, ¥) }rzo (Or shortly
{W,}n>0) is defined as follows:

W, = rWy—1+sWy— +tWp—3+uWp—g +vWy—s5 +yWp—¢, (1.1)
Wo = coWi=c,W2a=c, W3=c3, Wa=ca, Ws=¢c5, n=>6

where Wo, W1, W,, W3, W4, Ws are arbitrary real or complex numbers and 1, s, t, u, v, y are real numbers. The
sequence {W,}n>o can be extended to negative subscripts by defining

forn =1, 2, 3, ... when y4 0. Therefore, recurrence (1.1) holds for all integer n.Hexanacci sequence has been
studied by many authors, see for example [1,2,3] and references therein.

Table 1. A few special case of generalized Hexanacci sequences

No Sequences (Numbers) Notation References
1 Generalized Hexanacel (Val = {Wo(Wo. Wi, Wo, Wg, Wy, Ws:1,1,1,1,1,1)} 4]
2 Generalized Sixth order Pell (Val = {Wa(Wo, Wy, Wo, Wg, Wy, We;2,1,1,1,1,1)} b)
3 Generalized Sixth order Jacobsthal (v 1= {w (W . Wy Wo W, Wy, W5i1,1,1,1,1,2)} i
4 Generalized 6-primes (Vo }={W (Wo, Wy, Wo, Wg, Wy, W5:2,3,57,11,13)} Tl

For some specific values of Wo, Wi, W,, W3, Wy, Ws and 1, s, t, u, v, y it is worth presenting these special
Hexanacci numbers in a table as a specific name. In literature, for example, the following names and notations
(see Table 2) are used for the special cases of r,s,t,u, v, y and initial values.

Sequences (Numbers) Notation OEIS [8]
Hexanacci {H,} ={W_(0,1,1,2,4,8;1,1,1,1,1,1)} A001592
Hexanacci-Lucas (Ep} = {W,(6,1,3,7,15,31;1,1,1,1,1, 1)} A074584
sixth order Pell (P8} = (W_(0,1,2,5,13,34;2,1,1,1,1,1)}
sixth order Pell-Lucas (@)} = {W,,(6,2,6,17,46,122;2,1,1,1,1,1)}
modified sixth order Pell (EX) Y = {w_(0,1,1,3,8,21;2,1,1,1,1,1)}
sixth order Jacobsthal (I8 = {w_(0,1,1,1,1,1;1,1,1,1,1,2)}
sixth order Jacobsthal-Luecas (8 = (W (2.1,5,10,20,40;1,1,1,1,1,2)}
modified sixth order Jacobsthal (KW = (W, (2,1,3,10,20,40;1,1,1,1,1,2)}
sixth-order Jacobsthal Perrin (@) = (W, (3.0,2,8,16,32;,1,1,1. 1, 1,2)}
adjusted sixth-order Jacobsthal (8 = (W _(0,1,1,2,4.8:1,1,1,1,1,2)}
modified sixth-order Jacobsthal-Luecas (R} = (W (6,1,3,7,15,31;1,1,1,1,1,2)}
G-primes {G,}={W,_(0,0,0,0,1,22,3,5,7,11,13)}
Lucas 6-primes {H,} = {W,(6,2,10,41,150,542; 2,3,5,7,11,13)}
modified 6-primes {E,} ={W,(0,0,0,0,1,1:2,3,5,7,11,13)}

Table 2. A few members of generalized Hexanacci sequences

For easy writing, from now on, we drop the superscripts from the sequences, for example we write
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We present some works on summing formulas of the numbers in the following Table 3.

Table 3. A few special study of sum formulas

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [10,11,12],[13,14]
Generalized Fibonacci [15,16,17,18,19,20,21]
Generalized Tribonacci [22,23,24]
Generalized Tetranacci [25,26,27]
Generalized Pentanacci [28,29]
Generalized Hexanacci [30,31]

In this work, we investigate summation formulas of generalized Hexanacci numbers.

e Sum Formulas of Generalized Hexanacci Numbers with Positive
Subscripts

The following theorem presents some summing formulas of generalized Hexanacci numbers with positive
subscripts.

Theorem 2.1. Let x be a real (or complex) number. For n =0 we have the following formulas:

() If sx2 + tx3 + ux* + vx° + xBy + rx — 1~

%
n
0 then
where
Xka
k=0
= OﬂX!

O(x)

O1(x) =X Wpis — (rx — L)X Wpia — (SX2 +rx — 1)x™3 Wz — (sX2 + 83 + rx — 1)x™2Wpsy — (X2 + tx3 + ux?*
+rx — L)X Wpi + yx™OW, — XOWs + x4(rx — 1)Wa + x3(sx? + rx — 1)W3 + x3(sx? + tx3 + rx — 1)W5 + x(sx? +
B3+ uxt +rx — )Wy + (sx2 + b +uxt +vxS +rx —1)Wo
and
O(x) =sx2+tx3+ux* +vx® + xby + rx — 1.

(b) If rPx +2ux? + 23y — s2x2 + t23 — U?x* + v2x® — XOy? + 2sx + 2rtx? + 2rvx3 — 2sux® + 2tvx* — 2sx%y — 2ux®y —
140 then

where



App/lEd GIS ISSN: 1832-5505

Vol-11 Issue-02 July 2023

)
XkWZk
k=0
= @z!x!
Ay
( )
O2(x) = — ux? + X3y + sx — 1 X" Wans2+ (t +rs + VX + rx2y + rux)x™2Wan+1+ (U + t2x — U2 +v23 — x*y2 +rt+
Xy + 2tvx2 — sx2y — 2ux3y + rvx — sux)x™2Wan + (v + ru + tx2y — sux +tux + rxy)x™2Wap—1 + (y + v&x2 —x3y2+rv —
UX2Y + tvx — SXy)X"™2Wan—2 + Y(r + VX2 + tX)X™2Wop—3 — X3(r + vx2 + tx)Ws + x2(r2x + ux? + X3y + sx + rtx2 + rvxd —1)
Wy —x3(t+ VX —SUx2 + rx2y + rux —stx) Ws + x(r2x + ux? + x3y —s2x2 + t2x3 + 2sx + 2rtx? + rvx3 — sux3 + tvx* — sxy —
L)W, — x3(v — uvx? + tx2y — svx + rxy) Wi + (rx + 2ux? + X3y — s22 + 1233 — ux* + v2x5 + 2sx + 2rtx? + 2rvx3
— 25w + 2tvx® — sx*y — ux®y — 1) Wo,
and
A1=r2x+2ux?+2x3y — s2x2 + 12x3 — ux* +v2X5 — xBy2 + 25x + 2rtx? + 2rvxd — 2sux3 + 2tvx* — 2sx*y — 2uxSy —
1.
(€) If r2x+2ux? +2x3y —s2x2 +t2%3 —ux* +v2x5> —xBy2 + 2sx+2rtx? + 2rvx3 —2sux3 + 2tvx* —
X
2sx*y —2ux®y —1 =0 then
where
n
xkw
k=0
2k+1
= O3!X!

O3(x) = (r + v + tX)X™ Wania + (s — S + X2y + t262 — U263 + v&x* — X5y2 + ux + rvx2 — 2sux? + 2tvx® — 2sx3y
= 2ux*y + rexX)x™ Wanse1 + (t + vx — sux? + rx2y + rux— stx) X" W, +(u —u?x? + v2x3 —x*y? + xy + tvx2 —sx2y —
2uxdy + rvx —sux)x™Wop—1 +(v—
UVXPHEX2Y —SUX+XY) X Wan—2 —yx™ L (ux2+x3y+sx —1) Wan—3+x2(ux?*+x3y+sx —1) Ws

—X (t+rE+vx+rx y+rux)Wa+x(r X+uy +x y=s x +2sx+rtx +rvx —sux —sx y—1)
3 2 2

Wi —x3
V +ru + tx?y —svx + tux +rxy
W2 +(r2x + 2ux? + X3y —s2x2 +t2x3 —ux* +

25X + 2rtx? + rvxd — 2sux® + tvx* —sxy —ux®y — 1)W1 —x3y(r + vx? + tx) Wh.

Proof.

. Using the recurrence relation
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Whn = rWn—-1 +sWn-2 +tWn-3 +uWn—4 +vWn -5 +yWn—6

we obtain

YWn—6 = Wn —rWn-1 —sWn-2 — tWn-3 — uWn—4 —vWn-5

ow ow ow. ow ow. ow. ow_ 1w 1W. 1w 1w,
YX0=x 6—1rXx 5—sX 4—tx 3—ux 2—vx 1yx 1=x T7—rXx 6—SX 5—

1w W, W 2W. 2W. 2W. 2w 2W 2w 2W_ 3W.
tX 4—ux 3—wvx 2yx 2=X 8—1rx T7—SX 6—1tx S—ux 4—vx 3yx 3=

3W, 3W, 3W. E17% W E17%
X 9—rx 8—sx 7—tx 6—ux S5-—vw 4

n—4W n—aW n—4aW n—4W n—-aW n—-aW n—4aW n-3W n-3W n-—:
yx n—4=x n+2 — rx n+l — sX n—tx n—-1— ux n-2— vx n-3yx n-3=x n+3 — rx

n-3W n-3W n—-3W n—2W n—2W n2W n2W n-2W n2W n-:
tx n— ux n-1— vx n-2yx n-2=x n+d — rx n+3 — sx n+2 — tx n+l — ux n— vx
n—-1W n—-1W n—-1W n—-1W n—-1W n—-1W
X n+s —rx n+4 — sx n+3 —tx n+2 — ux n+l —vx n

nW nW nW nW nW nW nW
YX'om = X n#6—rX  n#5—SX  n+d—tx 3 —UX n+2 —VxX  n+l

If we add the equations side by side (and using Wn+6 = rWn+s + sWn+4 + tWn+3 + uWn+2 +vWn+1 +yWn, , we get(a).
Using the recurrence relation

Wn = rWn-1 +sWn-2 +tWn-3 + uWn—4 +vWn -5 +yWn—6

i.e.
we obtain
rWn-1 = Wn —sWn—2 — tWn-3 —uWn—4 —vWn—5 —yWn—6
1w, 1w 1w 1w 1w 1w 1w 2W. 2W.
™3 = X 4—=sx 2—tx 1—ux 0—vX —1-—yx -2ax 5 = X 6—sx 4—txX 3-—
2w 2w 3W. W, 3w 3w, 3w 3W. 3W_ AW
ux"2—vx  1—yWorx 7 = X 8—sX 6—tX S5—ux 4—vxX 3—yx 2rx 9 =
aw aw. AW aw AW aw
X 10—sx 8—tx 7—ux 6—VX 5—yx 4
n-1W n-1W. n—-1W, n-1W n—1W, n-1w n—-1W. nW
x 2n-1 = X 2n — sx 2n-2 — tx 2n—-3 — ux 2n—4 — vx 2n-5—yx 2n—6rx  2n+l =
nW nW nW nW
—tx 2n-1—ux 2n-2—vx 2n-3—yx 2n—4
Now, if we add the above equations side by side, we get
n n
ow, XX w ow, _ w  EXeaw
r(—=x""1+ 1) = e —x 2 —x o+ 2k)
k=0
k=0
n n
ow_ Z%w naW, 2 X
=s(=x""0 + 2k) — t{—x 2+ + 2k+1)
k=0
X
n
k=0
—u(—xn+1W2n+ XkﬂWZk) _ V(—XH+ZWZH+1 _ Xr1+1W2"_1
k=0
X
n
1w kv2W
X1+ X * 2k+1)

nW. nW.
X 2n+2 — SX 2n

(2.1)
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)
n
n+2W. n+1W, 1w kv2W
—y(=x n —x m-2+x -2+ X 2k)
k=0
Similarly, using the recurrence relation
Wn = rWn—1+sWn-2 +tWn—3 +uWn—4 +vWn—5 +yWn—6
i.e.
rWn-1 = Wn —sWn—2 — tWn-3 —uWn—4 —vWn-5 —yWn—6
we write the following obvious equations;
1w 1W. 1w 1w 1w 1w 1w 2w 2W. 2W.
(L) = X 3-sx 1-t 0—ux -1—-vx -2—yx -3rx 4 = X 5—sx 3—
2W. 2W. 2w 2w 3w 3W. 3w E1% 3W. 3W.
X 2—ux 1—w  0—yx  -1rx 6 = X 7—S 5—tX 4—ux 3—w 2—
3W,
v
" wan-2 = X"TWan - s T Wan -3 — o T TWan—a — ux T Wan-s — W Wan—6 — " T Wan -7 W, _ Wona -
nW nW nW nW nW
SX 2n-1—tx 2n-2—ux 2n-3—VX 2n—4—yx 2n-5
Now, if we add the above equations side by side, we obtain
n n n
ow_ X X%w oW, Z X w EXpaw
r=x "o+ 2k) = (—x 1+ 2ker1) — s(=x T amet + ki) (2.2)
k=0
k=0
X
n
k=0
n+1W. k+1W
—t(=x n+ X 2k)
k=0
X
n
n+2W n+1W, 1w k+2W
—u(—x 2+l — X n-1+x -1+ X 2k+1)
k=0
X
n
n+a2W. n+1W, 1w k+2W
—v(—x 2n —x m-2+x 2+ X 2k)
k=0
—y(=x
n+3
Wan+1 —x
n+2
X
n
W2n-1 —x
n+l
Wan-3
1w 2w k+3W
XU 34X -1+ X 2k+1)
k=0
Then, solving the system (2.1)-(2.2), the required result of (b) and (c) follow. Q
.
e Special Cases
In this section, for the special cases of x, we present the closed form solutions (identities) of the
k=0
k=0

k=0
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sums oo XKW, Zn W and 2n XKW1 for the specific case of sequence {W,}.

. The case x=1

In this subsection we consider the special case x=1.

The case x = 1 of Theorem 2.1 is given in Soykan [31, Theorem 2.1]. For the generalized 6-primes sequence case
(x=1,r=2,5s=3,t=5u=7,v=11,y =13), see [7].

We only considerthecasex=1,r=1,s=1,t=1,u=1,v=1, y =2 (which is not considered in [31]).
Observe that setting x =1, r =1,s =1, t =1, u =1, v =1,y =2 (i.e. for the generalized sixth order

Jacobsthal sequence case) in Theorem 2.1 (b), (c) makes the right hand side of the sum formulas to be an
indeterminate form. Application of L'Hospital rule however provides the evaluation of the sum formulas.

Theorem3.1./fr=1,s=1,t=1,u=1,v=1,y=2then forn >0 we have the following formulas:

Wi =1 (Whis — Wiz — 2Whaa — 3Whaa + 2W, — Ws + W3 + 2W5 + 3W1 + 4Wo). W =1 ((n+4) Wanea — 2(n+3)Wape +(10
+n)Wz,, —2(n+3)W2n_1 +(n+7)W2,-,—2 -

2(!7+3)W2n—3 +4Ws —9W, +4W3 —6W, +4W, —3Wo),

(@ 20 Wakn = M0 +2)Wapo +2(n +7)Wapes = (n+2)Wap + (20 + 11)Wap-1 —(n +
Z)Wz,,—z + 2(11 + 4)W2,,—3 —5Ws +8W,; —2Ws3 +8W, + W, + SW()).
Proof.

. We use Theorem 2.1 (a). If weset x=1,r=1,s=1,t=1,u =2 in Theorem 2.1 (a) we get(a).

. We use Theorem 2.1 (b). If wesetr=1,s=1,t=1,u =2 in Theorem 2.1 (b) then we have

where

XkWZk

qi(x)
= —(4x —1)(x —1)(x+x

2+1)2

g1(x) = —x"H 23 + X2 + X — 1)Wane2 + X™2(2x2 + 2x + 2)Wans1 — x"2(4x* + 3x3 + x2 — 3x — 2)Wha, + X™2(2x% +
2x + 2)Wan—1 — X" 2(4x3 + X2 + X — 3)Won—2 + 2X™2 (X2 + x + 1)Wap—3 — x3(x% + x + 1)Ws + x2(3x3 + 2x2 + 2x —
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DWs — 30+ x+ 1)Ws +x(—x* +3x3 +2x2 + 3x — 1 )Wo — x3(x2 + x + )Wy + (—x° — x* +3x3 + 3x2 + 3x —
1) Wo.
For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L'Hospital rule. Then we get (b) using

Q
N
N

n _ < (ga(x))
k=0
x=1
_ 1((n+4wWo
2n+2
—2(
g2(x)
= —(4x —1)(x —1)(x+x, , 1)
g2(x) = x"Hx2 + x + 1)Wane2 + x™(—4x5 —3x* —3x3 + 2x% + x + 1)Wane1 + x™*1
(X% +x+ 1)Wap —x™1(4x* +3x3 +2x2 —2x — 1)Wap—1 + X" (x2 + x + 1) W,y —2x™1
(23 +X2+x — 1)Wan—3+ X2 2X3 +x2+x — 1)Ws —x3(2x2 + 2x+ 2) W+ X( —2x* + 2x3 +x2 + 3x— 1) W3 — x3(2x% + 2x +
2)Wo +(—2x5 —2x* +2x3 +3x2 +3x— 1)W1 —2x3(x% +x+ 1) W,.
For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
'Hospital rule. Then we get (c) using
n
xw =
< (ga(x))
dx
k=0
2k+1
d 2 2

ax (—(4x —1)(x —1)(x+x +1) ).

x=1
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1( (n+2w

2n+2

+2(n+7)W

2n+1

— (n+2)W,n
+(2n+11)W5p—

—(n + Z)Wz,,—z + 2(” + 4)W2n—3 —5Ws +8W,; —2Ws5 + 8W, + W, + 8W0).

Q

Taking W, =J, with Jo=0,/1=1,J,=1,J3=1,Js=1,Js =1 in the last Theorem, we have the following Corollary
which presents sum formulas of sixth-order Jacobsthal numbers.

1)

Corollary 3.2. For n >0, sixth order Jacobsthal numbers have the following properties:

n k=0

(b) 2n

k=0

Je = 1(-ln+5 —Jnsz —2Jpe2 —3Jp1 +2.ln+5).
6
9

Jak = H(n+8)apa —2(n+3)Japi + (10 +n)2p —2(n+3)ap-1 +(n+7)2p—> —

2(n+3)J2n-3 —3).

(© Yo Joker = H=(n+2ama +2(n+7)apa —(n+2)Jn H20+11)ap-1 —(n+2) a0 +

2(n +4)J2n-3 + 10).

From the last Theorem, we have the following Corollary which gives sum formulas of sixth order Jacobsthal-
Lucas numbers (take Wh = jnwith jo =2,j1 =1,j2 = 5,3 = 10,ja = 20, s = 40).

1)

Corollary 3.3. For n =0, sixth order Jacobsthal-Lucas numbers have the following properties:

n k=0

(b) 2n

k=0

Jk = 1(jn+5 —Jnt3 = 2ne2 — 3jne1 + 2 _9)
6
9

Jak = H(n +4)jans2 —2(n +3)jone1 + (10 +n)jan —2(n +3)j2n—1 + (1 + 7)j2n—2 —

2(n +3)jan-3 —12).

(c) 2 Jakrr = H—n+2)jons2 +2(n+7)j2nea — (N +2)j2n + (20 +11)j2n—1 —(n+2)j2n— +
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2(n + 4)j2,—,—3 — 3)

Taking Wh= Kn with Ko = 3, K1 =1, K2 = 3, K3 = 10, Ka = 20, Ks = 40 in the last Theorem, we have the following
corollary which presents sum formula of modified sixth order Jacobsthal numbers.
Corollary 3.4. for n = 0,modified sixth order Jacobsthal numbers have the following property:

n k=0

(b) 2n

Y(Knes — Knvz —2Kni2 —3Kna1 + 2K, —9).

Ko = 1((n+8)Kans2 —2(n+3)Kzns1 +H10+n)K2n —2(n+3)Kap—1 +(n+7)K2n—2 —

k=0
6

1)

k=0

Sk =

6
9

Sak

2(n + 3)K2n—3 —3).

(©) 2n Kaksr = H(—(n + 2)Kansz + 2(n + 7)Kzner — (0 + 2)Kzn + (20 + 11)Kzp—1 — (n +
2)K2n72 + 2([7 +4)K2n73 — 11)

From the last Theorem, we have the following corollary which gives sum formula of sixth-order Jacobsthal Perrin
numbers (take W, = Q, with Qo =3,Q1 =0,Q; =2,Q3 = 8, Qs = 16, Qs = 32).

Corollary 3.5. For n >0, sixth-order Jacobsthal Perrin numbers have the following property:

(a) X0 Q= YQus —Qus —2Quz —3Qui +2Q, —8).

(b) 2 Qak = 1((n+4)Qanv2 —2(n+3)Qans1 +(10+0)Qan —2(n+3)Qan—-1 +HN+7)Qan-2 —
2(n+3)Qzp-3 —5).

(©) 2 Qaks1 = H(—(n + 2)Qans2 + 2(n + 7)Qans1 — (N + 2)Qan + (20 + 11)Qop-1 — (n +
2)Qan-2 +2(n+4)Qan-3 —8).

Taking Wh = Sn with So=10, S1=1,S2=1, S3=2, Sa= 4, Ss= 8 in the Theorem, we have the following corollary which
presents sum formula of adjusted sixth-order Jacobsthal numbers.

Corollary 3.6. For n =0, adjusted sixth-order Jacobsthal numbers have the following property:

(b)

1(Snes —Sn+3 —2Sp2 —3Spe1 +2S, —1).

= 1((” +4)52n+2 —Z(I'l + 3)$2n+1 + (10 +n)52n —2(” +3)52n—1 + (n +7)52n—2 -

2(n+3)S2n-3+2).
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(©) 2n Sake1 = H{—{(n+2)S2n2 +2(n+7)S2p41 —(N+2)S20 +(20+11)Sz0-1 —(n+2)S2p—2 +

2(n +4)S2n-3 —3).

From the last Theorem, we have the following corollary which gives sum formula of modified sixth- order
Jacobsthal-Lucas numbers (take W, = R, with Ro = 6,R; = 1, R, = 3, R3 = 7, R4 =15,Rs =31).

Corollary 3.7. For n = 0, modified sixth-order Jacobsthal-Lucas numbers have the following property:

1)

k=0

(b)

R = 1(Rn+5 —Rns3 _an+2 _3Rn+1 +2R,, +9)
6
9

Rak = Y((n+4)Ransa —2(n+3)Rans1 +(10+n)Ran —2(n+3)R2p-1+(n+7)R2p—2 —

2(n +3)Ran-3 —15).

(@ 20 Rown = H(An42Ranea +2(n+7)Ron ~{n+2)Ron H2n+11)Rop1 —(n+2)Rap2 +

2(n+4)Ryp—3 +24).

. The case x= —1

(identities) of the sums
of the sequence {W,}.

n
k=0

(—1)kW,
n
k=0
(—1)*Wy and
n
k=0
(—1)¥Wyks1 for the specific case

In this subsection we Cqiijer the specgl case x = —1 and§e present the closed form solutions

Takingr=s=t=u=v=y=1inTheorem 2.1 (a) and (b) (or (c)), we obtain the followingProposition.

Proposition 3.1. If r=s=t=u=v=y=1 then for n >0 we have the following formulas:

k=0
(a) Zn (LW = (1) (Wiis —2Wisa + Wiss —2Wso + Wit — W) —Ws +2We —Ws +
2W2 - W1 + 2Wo.
k=0
5
(b) Yo (=1)fWak = 1((=1)" (2Waney — Wapsr —2Wap—1 — 3Wap—y — Wan—3) — Ws + 3W, —
4W2 — Wi + 3Who).
k=0
5
(©) 2o (=1)War = L((=1)" (Wanez + 2Wanes — Wano1 + Wap—y + 2Wop—3) + 2Ws — Wy —

5Ws —2W2 +2W1 — Wo).

From the above Proposition, we have the following Corollary which gives sum formulas of Hexanaccinumbers (take
W,, =Hn with Ho =0,H1 = 1,H2 = 1,H3 =2,H4 =4,H5 =8)

Corollary 3.8. for n >0, Hexanacci numbers have the following properties:
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n k=0

(_1)ka = (_1)n (Hn+5 - 2Hn+4 + Hn+3 - 2Hn+2 + Hn+1 - Hn) -1 (_1)kH2k =1 ((_1)" (2H2n+2 - H2n+1 -
2Hyp-1 —3Hap-2 —Hap-3) —1).

(©) Yn (=1)KHas1 = H(=1)" (Hansz + 2Hams —Han—1 + Han—y + 2Han—3) +2).

Taking W, = E, with Eg =6, E1 =1, E; =3, E3 =7, E4 = 15, Es = 31 in the above Proposition, we have the following
Corollary which presents sum formulas of Hexanacci-Lucas numbers.

5)]

Corollary 3.9. For n =0, Hexanacci-Lucas numbers have the following properties:

n k=0
2n

k=0

(—1)kE¢ = (=1)" (Enss — 2Ensa + Ensz — 2E sz + Ens1 — En) +9.
5

(=1)Eak = Y((—1)" (2E2n+2 — Eans1 — 2Ean—1 —3Ean—2 —E2p—3) + 19).

5

(©) Yn (=1)KEaksr = Y((—1)" (Eansz + 2Eame1 — Ean—1 +Eon—y + 2E2p-3) +2).

Taking r=2,s =t=u=v =y =1 in Theorem 2.1 (a), (b) and (c), we obtain the followingProposition.

Proposition 3.2. If r=2,s=t=u=v =y =1 then for n =0 we have the following formulas:

k=0
2
(a) Xn (—1)fWi = 1((=1)" (Wis —3Wira +2Wiiz —3Wois +2Wos1 —W,) —Ws +3W, —
2Ws5 + 3W, —2W; + 3W).
k=0
4
(b) 2n (1) W = 1((—1)" (Wans2 —Wapss —Wan—1 —2Wop—3 —Wap—3) —Ws +3 W, —3W> +
3W,).
k=0
4
(©) 2o (=1 W = (1) (Wana + Wanss — Wapo1 + Wap—3) + Ws — Wi —4Ws — W, +

2W1 — Wo).

From the last Proposition, we have the following Corollary which gives sum formulas of sixth-order Pell numbers
(take W, = P, with Po =0,P1=1,P, =2,P3=5,P, =13, Ps = 34).

5)]
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Corollary 3.10. For n =0, sixth-order Pell numbers have the following properties:

n k=0

(b) 2n

k=0
k=0

(=1)Pi =2 ((—1)" (Prss — 3Ppsa + 2Ppsz — 3Prua + 2Pnsa — Pp) — 1). (=1)¥Pa = 1 ((—1)" (Pans2 — Pane1 —
Pan—1 —2P2p—2 —P2p-3) —1).

(©) Yn (=1)Poar = 1((—1)" (Pansz + Pans1 — Pan1 + Pan—3) + 1).

Taking Wn= Qnwith Qo=6, Q1= 2, Q2= 6, Q3= 17, Q4 = 46, Qs = 122 in the last Proposition, we have the
following Corollary which presents sum formulas of sixth-order Pell-Lucas numbers.

1)

2
Corollary 3.11. For n =0, sixth-order Pell-Lucas numbers have the following properties:
n k=0

2n

k=0

(—2)%Qc =1 ((—1)" (Qnss — 3Qnea + 2Qnez — 3Qnez + 2Qnir — Qo) + 14). (—1)*Qak = 2 ((—1)" (Q2ne2 — Qoner —
Qan—1 —2Qan—2 — Qan-3) +16).

(c) 2n (—1)%Qake1 = 1((—1)" (Qansz + Qanes — Qan—1+ Qan—3)).

Observe that settingx=—1,r=1,s=1,t=1,u=1,v=1,y =2 (i.e. for the generalized sixth order Jacobsthal
case) in Theorem 2.1 (a), makes the right hand side of the sum formulas to be an indeterminate form.
Application of L'Hospital rule however provides the evaluation of the sum formulas.

Theorem 3.12. Ifr=1,s=1,t=1,u=1,v=2, y=2then forn = 0 we have the following formulas:

2(-1)
(n+3)Waiy —(-1)
(n_l)Wn+l+2(_1)
(n+6)W,,+5W5 —9W4+2W3 —6W2 -

k=0
9
(a) Yo (—1)KW = L(—(=1)"(n + 5)Wps + (=1)7 (20 + O)Wipea — (=1)7(n + 2) W3 +
Wi —3Wo).
k=0

(b) 2o (—1)MWak = L ((=1)" (3Wansz —2Wans +3Wan —2Wap—1 —7Wan—y —2Wip—3) —Ws +

4W4 - W3 —6W2 - W1 +4WO)-
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k=0
10
(© Xn (—1)KWaker =2 ((—1)" (Wansa +6Wane1 + Wan —4Wap1 +Wap—p +6Wap—3)+3Ws —
2Wa —7Ws —2W2 + 3W1 — 2Wo).
Proof.
e  We use Theorem 2.1 (a). If wesetr=1,s=1,t=1,u =2 in Theorem 2.1 (a) then we have
where
n
%
XKWy
k=0

ga(x)

2+1)(x+x2+1)

= (2x —1)(x+1)(—x+x

93(X) = X Wipis —X"4x— 1)Wpea —X"3(x% +X— 1)Woiz —X"20C 2 +X— 1)Whep — X" x* + X3 + X2 + x —
1)Waat + 2XM5W, — xSWs + x4(x — 1)Wa +53(x%2 + x — D)W5 + X203 +x2 +x — 1)W2 + x(x* + 3 + X2 +x — 1)W1
+(C+X+x3+x2+x —1)Wo.

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
'Hospital rule. Then we get (b) using

2(—=1)k Wy =

< (gs(x))

dx

k=0

ax ((2x —1)(x+1)(—x+x +1)(x+x +1))-X:_1

9
1(—(=1)"(n+5)W +(=1)"(2n+9)W

n+4

—(=1) (N+2)Wn3 +2(=1) (n+3)Wn2 —(=1) (n —1)Waa
+2(=1)7 (n + 6)W, + 5Ws —9W, + 2W5 —6W5 — Wy —3Wo).

(b) Take x=—1,r=1,s=1,t=1,u=1v =2,y =2 in Theorem 2.1 (b).
(c) Take x=—-1,r=1,s=1,t=1,u=1,v=2,y =2 in Theorem 2.1 (b). Q
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Taking Wn = Jawith Jo=0,/1=1,/2=1, J3=1,Ja=1, J5s =1 in the last Theorem, we have the following Corollary
which presents sum formulas of sixth-order Jacobsthal numbers.

Corollary 3.13. for n >0, sixth order Jacobsthal numbers have the following properties:

(a) 2 (=1)%Jk = Y= (=1)" (n+5)Jnss+(—1)" (2n+9)Jnsa —(—1)" (N+2)J5s3+2 (—1)" (n+

32 —(=1)" (n —1)Jn+1 +2(=1)" (n +6)Jn —9).

(b) 2o (=1 =2 ((=1)" (3Jamsa — 2Jans1 + 320 — 2han-1 — Than—z —2J2n-3) —5).

(©) X0 (=1)ake1 =L ((=1)" (Jans2 +6Jane1 +Jan —BJan—1+Jan—s +6J2n-3) —5).

From the last Theorem, we have the following Corollary which gives sum formulas of sixth order Jacobsthal-
Lucas numbers (take Wh = jnwith jo =2,j1 =1,j2 =5,j3 = 10, ja = 20,5 = 40).

Corollary 3.14. For n >0, sixth order Jacobsthal-Lucas numbers have the following properties:

(a) 20 (71 = 2(=(=0)" (n+5)jnus+(—1)" (20 +9)jnea —(=1)" (n+2)jni3+2 (=1)" (n+

3)jnr2 =(=1)"(n = 1)jnea +2(=1)" (n+6)jin +3).

(b) 2n (—=1)426 =2 ((—=2)" (3j2ns2 — 2j2n41 * 3j2n — 2f2n—1 — Tjan—2 — 2j2n-3) + 7).

(©) Y (=1)ake1 =2 ((=1)" (ansz + 621 +jan —bjan—1 +Jjan—2 + 6jan—3) —1).

Taking j, = W, with Ko =3, K1 =1, K, =3, K3 =10, K4 = 20, Ks = 40 in the last Theorem, we have the following
corollary which presents sum formula of modified sixth order Jacobsthal numbers.

Corollary 3.15. For n =0,modified sixth order Jacobsthal numbers have the following property:
(a) 2o (1)K = 1(—(=1)" (n45)KnssH( —1)" (20+9)Kpas —(—1)7 (n+2)Knea+2 (—1)7 (n+
3)Knsz —(—1)" (n —1)Kns1 +2 (—1)" (n + 6)Kn + 12).

(b) Yo (=1)kKo =L ((=1)" (3Kzns2 —2Kaner +3Kan —2Kan—1 —7Kan—z —2Kzn—3) +23).

(©) i (—1)Kaka1 =2 ((—1) (Kanez + 6Kape1 + Kon —8Kap—1 + Kan—2 +6Kap—3) +1).

From the last Theorem, we have the following corollary which gives sum formula of sixth-order Jacobsthal Perrin
numbers (take W, = Q, withQp =3,Q: =0,Q, =2,Q3 = 8, Q4 = 16, Qs = 32).

Corollary 3.16. For n =0, sixth-order Jacobsthal Perrin numbers have the following property:

(a) Y (—1)kQx = (—(—1)" (n+5)Quss+(—1)" (2n+9)Qnsa—(—1)" (N+2)Qps3+2 (—1)" (n+

3)Qn+2 _(_1)n (n - 1)Qn+1 +2 ( _1)n (n + 6)Qn + 11)

(b) Y (—1)Qak =2 ((—1)" (3Qam2 —2Qama +3Qon —2Qan-1 —7Qon—z —2Qun—3) +24).
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() 2 (=1)*Qaks1 =2 ((—1)" (Qansz + 6Qanss + Qan —4Qan—1 + Qa2 + 6Qan—3) —2).

Taking Wh = Sn with So=0, S1=1, S2=1, S3=2, Sa= 4, Ss= 8 in the Theorem, we have the following corollary which
presents sum formula of adjusted sixth-order Jacobsthal numbers.

Corollary 3.17. For n >0, adjusted sixth-order Jacobsthal numbers have the following property:

k=0
9
(a) o (—1)Sk = L(—(—1)" (n+5)Spes+(—1)" (2049)Spia —(—1)" (n42)Spi3+2 (—1)" (n+
3)Sp2 —(—1)"(n —1)Sps1 +2(—1)" (n + 6)S, + 1).
k=0
10
(b) 2o (=1)kSp =2 ((=1)" (3Sam2 —2Sam1 + 382 — 2San—1 — 7S2n—2 — 2Sap—3) —1).
k=0
10
(©) Yo (=1)kSpke1 =2 ((—1)" (Samez + 6Same1 + Son —4San—1 + Spn—2 +6S30-3) +3).

From the last Theorem, we have the following corollary which gives sum formula of modified sixth- order
Jacobsthal-Lucas numbers (take W, = R, with Ry = 6,R1 = 1, R, = 3,R3 = 7, R4 =15,Rs =31).

Corollary 3.18. For n = 0, modified sixth-order Jacobsthal-Lucas numbers have the following property:

(a) Yn (—1)%Rk = 1(—(—1)" (n+5)Rpes+(—1)" (20+9)Rnea—( —1)7 (n+2)Rnes+2 (—1)7 (n+

3)Rm2 —(=1)"(n —1)Rns1 +2(—=1)" (n + 6)Rn —3).

k=0
10

(b) 20 (=1)%Rx =1 ((—=1)" (3R2n+2 —2Rans1 +3Ran —2Ron—1 — 7Ran-1 —2Ran—3) +27).

k=0
10

(©) X, (—=1)*Raksr =2 ((—1)" (R2n+2 + 6R2n41 + R2n —4R2n—1 + Ron—2 + 6R2p—3) —1).
Taking r = 2,s =3,t =5,u=7,v =11,y = 13 in Theorem 2.1 (a), (b) and (c), we obtain thefollowing proposition.

Proposition 3.3. If r=2,s=3,t=5u=7,v =11,y = 13 then for n >0 we have the followingformulas:

) Zn (—1)ka = 1((—1)" (2Wn+1 +5Wpi + 3Wpis — Wps + 13Wn) +Ws —3W,; —5W, —
2W; — 9Wo).

(a

k=0
82

(b) Y (—1)kWo = L ((—1)" (5Wans2 —6Wops1 +54Wap —31Wop—1 —109Wop—; —52Wsp—3) —

AWs + 13W, + 6W3 —8W, —3Wy + 17W,).

Yn (—1)*Waker =2 ((—1)" (AWapsz + 69Wanss —6Wan — 74Wop—1 + 3Wop—s +65Wan—3
)+5Ws —6W, —28W3 —31W, —27W; —52W,).

(c)

From the last proposition, we have the following corollary which gives sum formulas of 6-primes numbers (take Wn =
Gnwith Go =0,G1=0,G2=0,G3=0,Ga=1,Gs =2).

1)

Corollary 3.19. For n >0, 6-primes numbers have the following properties:

n k=0
. k=0

k=0
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(_l)ka = 1(( _1)n (ZGn+1 + SGn+2 + 3Gn+4 _Gn+5 + 13Gn) - 1)
4
82

(—1)Gak =-L ((—1)" (5G2n+2 —6Gan+1 +54G2n —31G2n—1 —109Gn—2 —52G2p—3)+5).
82

(©) 20 (=1)Gas1 =2 ((—1)" (4Gan2 +69Gons1 —6Gap —74Gan-1+3Gap—2 +65Gan-3)+4).

Taking W, = H, with Hp = 6, H; = 2, H, = 10, H3 = 41, H, = 150, Hs = 542 in the last proposition, we have the
following corollary which presents sum formulas of Lucas 6-primes numbers.

15)]

Corollary 3.20. For n >0, Lucas 6-primes numbers have the following properties:

n k=0

(=1)Hi = 2((=1)" (2Hps1 + 5Hnsz + 3Hna — Hpes + 13H,) — 16).
4
82

(—1)*Ha = 1 ((—1)" (5Hame2 —6Hans1+54Han—31H2n—1 —109Hap—2 —52Hsn-3)+44).
82

(©) i (—1)Haksr =L ((—=1)" (4Hanez + 69Hames — 6Hon — 74Hap—1 + 3Han—y + 65H20-3
) —14).

From the last proposition, we have the following corollary which gives sum formulas of modified 6-primes
numbers (take Wh = Enwith Eo =0,E1 =0,E2=0,E3 =0,E4 =1,E5 = 1).

15)]

Corollary 3.21. For n =0, modified 6-primes numbers have the following properties:

n k=0

(b) 2n

(—1)%Ex = L((—1)" (2Eps1 + 5Ens2 + 3Ensq — Enss + 13E,) —2).
4
82

(—1)*Eak =2 ((—1)"(5E2ns2 —6EF2n+1+54E2n —31E3n—1 —109E20—2 —52E2,-3)+9).
82

(©) Y0 (=1)Egksr =L ((—1)" (8Ean2 +69Eans1 —6Esy —74Esn—1+3Eon— +65E5,-3) —1).

. The case x=i

In this subsection we consider the special case x = .
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Taking x=i,r=s=t=u=v=y=1in Theorem 2.1 (a), (b) and (c), we obtain the followingproposition.

Proposition 3.4. If r=s=t=u=v =y =1 then for n >0 we have the following formulas:
k=0
—2+i

(a) o KW=t (i0(iWhest(L =) Winea —(1421) Wiss —2 Wi+ Wi —W,,) —iWs —(1 —i)
Wa +(1+2))\W3 +2W2 —iW1 — (1 —i)Who).

k=0
a+i
(b) 2 FWak = _1 (i —2iWanse2 +(1420) Wape1 +(1430) Wap +(1+i) Wap—1 +(2+)) Wap—o +
iWan—s) + Ws —3Waq + (1 —)Ws + (1 +3)Wo —iWy + (4 —i)Wo).
k=0
a+i
(©) 2n *Waksr = _1(i"(Waney + (1+0) Wansa + (1 —i) Wan + (2 —i) Wap—1 — iWap— —
2iWan—-3) —2Ws + (2 —i) Wy + (2 +3i) W3 + (1 —i) W2 + (5 —i) W1 + W).
From the above Proposition, we have the following Corollary which gives sum formulas of Hexanaccinumbers (take
Whn = Hnwith Ho=0,H1 =1,H2 =1,H3 =2,Ha =4,Hs = 8).
Corollary 3.22. For n =0, Hexanacci numbers have the following properties:
1)
n k=0
k=0
2n

(b)

*Hi = L (i™(iHpes + (1 — )Hpsa — (1 + 20)Hps3 — 2Hpeo + iHper — Hp) — ). *H o =1 (iI"(—2iHap+2 +(1 + 2i)Hane1 +(1 + 30)Hap

+H1+i)Han—1+(2+i)Han— +

4+i
—2+i

k)

iHZn—3) - 1)

n k=0

2).

*Hake1 = L (iM(HanezH(1+ i) Hansat(1 — i) Hant(2 — i) Hap—1 —iHan-2 —2iHan-3)+

Taking H, = E, with Eo =6, E1 =1, E; =3, E3 = 7, E4 = 15, Es = 31 in the above Proposition, we have the following
Corollary which presents sum formulas of Hexanacci-Lucas numbers.

1)

Corollary 3.23. For n =0, Hexanacci-Lucas numbers have the following properties:

n k=0

(b) 2n

k=0

#*Ex = L (i"(iEnes +(1 —i)Ensa — (1 +20)Enes — 2Enea +iEnet —En) +(—8 +3i)). kEa = 1 (i"( —2iEamea+(1+2i)Eamer +(1+30)Ean+(1

+i)Ean—1+(2+i)Ezn—2+
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iE2n-3) + (20 —5i)).

(©) 2n *Eagsr = L (i"(Eanva (1 +1) Eansat(1 — i) E2pH(2 — i) Ezp—1—iE2n—2—2iE2n-3)+
(—4+2i)).

Corresponding sums of the other sixth order generalized Hexanacci numbers can be calculatedsimilarly.

e Sum Formulas of Generalized Hexanacci Numbers with Negative
Subscripts

The following Theorem presents some summing formulas of generalized Hexanacci numbers with negative
subscripts.

Theorem 4.1. Let x be a real (or complex) number. For n =1 we have the following formulas:

(@) If y +rx® +sx* +tx3 + ux? +vx —x8 £ 0, then

n

k
X W-k

=y+rx

O4(x)

5 +5SXa + tX3 + UX2 + VX — X6

Q4(x) = X" TW-n+s + (r — X)X IW-n+a + (s +rx — x2)x I W-ns3 + (t + rx2 + sx — X3) X" TWe-ni2+ (U+ 13 + sx2 + tx —
XX W =—pe1 4 (v + rx* + X3 + tx2 + ux — x°) X" IW-n+ xWs — x(r — x)Wa+x(—s — rx+ x)Wz+ x(—t — rx2 —
SX+X3)W2 +x(—u — rx3 —sx2 —tx+x)Wa + x(—v —rx* —sx3 —tx2 — ux + x°) Wo.

(b) If —25x° —2ux* —v2x —2X3y — x5 +5%* —t23 + Ux2 +y2 + x5 —2rtx* —2rvx3 + 2sux® —
2tvx? + 2sx%y + 2uxy /4~ O then

where

Os(x)

Os(x) = (—y — sx2 — ux + X3)x"LW-2n+a+ x™1(tx2 + ry + vx + rsx? + rux)W-an+3+ (—2sx3 —ux? —r2x3 +s2x?
+SY =Xy +x* —rtx? —rux+sux)x™1W-2ne2 +(VX2 +ty +rux? — svx + tux + rxy)x" " W-zne1 + (—2sx* + u?x — 2ux® —
Xy — i + s23 — X2+ uy + X0 — 2rtxd —rvx242sux? —tux+sxy)xm I W-an  +y(vHrx+tx)xm I W-zn—1
—X(V+rX2+tX)Ws + X(Y +5X2 +r2x% +1v +ux—X3 +rtx) Wy —x(tx2 —sv +ry +vx+rux —stx)Ws +x(2sx3 +t2x+



App/lEd GIS ISSN: 1832-5505

Vol-11 Issue-02 July 2023
uxt  +r2x3 —s%2 +tv—sy  +xy—x*  +2rtx2 +rvx—sux)Wo  —x(vx2  —uv  +ty—svx+rxy)W;  +
X(25X* —Ux+2Ux3+x2Y+r2x* —s2X3+12x2 —uy+v2 —x5+2rtx3+2rvx2 —2sux?+2tvx —sxy) W,

Aa= —2sx5 — 2ux* — v3x — 2X3y — x5 + 52 — 23 + U2+ y2 + X5 — 2rtx* — 2rvx3 + 2sux3 — 2tux? + 2sxty

+2uxy.

(c) If —2sx> —2ux* —vix —2x3y —r’x5 +s2x* —t23 + U2 + y2 +x8 —2rtx* —2rvx3 + 2sux® —

xkw -

2k+1

Os(x)

n-1

2tvx? + 2sx2y + 2uxy/~ O then

2
n
k=1
where
Os(x) = (VXXX W-anea (=Y —SXE—rDC =1V —Uux+C —rtx)x™2W-ans3  +H(tx2— SV + ry + vx +

rUX —StX)X™2W-gpa +(—25x3 —t2x—ux? —r2A + s2x2 —tv + sy —xy + x* — 2rtx? —rvx+sux)x™2W-yp.1 +(vx2
—UV +ty —SVX+rxy)X"2W-y, +y(—y —sx2 —ux+x3) X" ITW—,—1 + X(y + sx2 + ux — x3)Ws — x(tx2 + ry + vx + rsx% +
rux)Wa + x(25x3 + ux? + rix3 —s2x2 —sy + xy —x* + rtx? + rvx —sux) Ws —x(vx2 + ty + rux? —svx + tux + rxy) W, +
X(25x* —ux+2ux3 + X2y +r2x* —s23 +12x2 —uy — x5+ 2rtx3 + rvx2 —2sux? + tvx—sxy) Wi —xy(v + rx? + tx) W,

Proof.

Using the recurrence relation

1 v u t s
W-n= W-nt6— W-ntl— W-n2— W-n3— W-ntd— W-ns5
y y y y y

yW-n = W-n+6 — rW-n+5 — sW-n+4 — tW-n+3 — uW-n+2 — vW-n+1

we obtain
nW nW nW nW nW nw nWw n=ly, = n=l, —
¥ —n = X = s —sx e — tX 3 —ux ez — v sV WL X Wy
T Wonse — X T W—nss — XN T Wonsa
n-1
—ux Wn+3 —vx W-n+2
¥ 2 Wons2 = XTWos — T W7 — s T2 Weonse — 62 Wonss
n-2
—ux W _n+a —vx W-n+3
3w 3W. 3W. 3w, 3w 3w 3w 2w 2W 2W.
-3 = X 3—m 2—-sx 1—tx 0—ux -1-wx -2px -2 = X 4—rmx 3
2W. 2W. 2W 2W 1w 1w 1w 1w, 1W. 1w
—sx 22—t 1—ux 0—wx —1yx -1 = X 5= 4—sx 3—tx 2—ux 1
1w

—vx 0.



App/lGd GIS ISSN: 1832-5505

Vol-11 Issue-02 July 2023

If we add the above equations side by side, we get

X
n
kw n+1W na2W n+3W n+aW n+sW
y X k) = (—x —n+5 — X —n+4 — X —n+3 — X —n+2 — X —n+l
k=1
X
n
n+W 1w 2w 3w AW sW. W k+6W
- —n+x S5+X 4+X 3+x 2+X 1+x 0+ X —k)
k=1
—r(—x
W-n
1w 2W 3W. aw. sW k+sW
XA +XT 34X 24X 14X 0+ X —k)
k=1
—s(—x
W-n
1w 2W. 3W. AW k+aW
XT3 4Xx 24X 1+x 0+ X —k)
k=1
X
n
n+1W n+2W n+3W 1w, 2W. 3w k+3W
“H=XTTT s —x el =X kX 24X 14X 0+ X k)
k=1
x
n
n+1W n2W 1w 2w k+2W
—u(—x —n+l —x —n+x  1+X 0+ X —k)
k=1
x
n
1w 1w kv 1W
U= o+ X gy
k=1
and then the desired result follows.
. and (c) Using the recurrence relation
W-n+6 = rW-n+5 +sW-n+4 +tW-n+3 + uW—-n+2 +vW-n+1 +yW-n
ie.
we obtain
vW-n+1 = W—n+6 —rW-n+5 —sW-n+ —tW-n+3 —uW-n+2 —yW-n
w"W-2n+1 = X'W-2nt6 — r"W-2n+5 — sx"W-2n+a — tx"W-2n+3 — ux"W-2n+2 — yx"W—vax"71W—2n+3 = Wi —
T Woane7 — s T W-anss — " Tt W-2nes
—ux"twoanss — X W-2ne2
n-2 n-2 n-2, n-2 n-2
VX' “W-2n+5 = x “W-2n+10 —rx’ "W-2n49 —sx* “W-2n+8 —tx “W-2n+7
—ux 2 Woanse — yxXt T PWo2nea
3w 3w 3w 3w 3w E11% 3w 2w 2W. 2W.
Vx5 = X 0—-r -1-—-sx —2-—tx -3—ux —4—yx -6 3= x 2—1IXx 1-—
2w 2w 2w 2w
X 0—tx —1—ux -2-—yx -4
1w 1w 1w 1w 1w 1w 1w
v 1 = X 4—rx 3-—sx 2—tX 1-—ux 0-—yx -2
If we add the above equations side by side, we get
X
n
kw
v X —2k+1 (4.1)
k=1
X
n
n+1W nv2W n+3W 3W 2W. 1w k+3W
(—x —n+4 — X —2n42 — X X 0+X 24X 4+ X —2k)
k=1
X
n
n+1W n+2W 1w, 2w k+2W
—r(—x —n+3 —x L +x 34X 1+ X —2k+1)
k=1
X
n
n+1W n+2W 2w 1w, k+2W
—s(—=x —m+2 — x —2m+x 0+x 2+ X —2k)
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k=1
X
n
—T(—Xmlw—hul NN xkﬂw—zkn)
k=1
n n
s W E X X w
—u(=x —n+x 0+ —2k) — y( —2k).
k=1
k=1
Similarly, using the recurrence relation
W-n+6 = rW-n+5 + sSW-n+4 +tW-n+3 + UW —n+2 +vW —n+1 +yW-n
i.e.
we obtain
vW-n+1 = W-n+6 —rW-n+5 —sW-n+4 —tW-n+3 —uW-n+2 —yW-n
w'W-2n = XWo2nss — i "W-2n+4 — sX"W-2n+3 — tX"W-2n+2 — uxX"W-2n+1 — yx"W-2n—-1vx" " W-2n+2 = Wy —
T Woane6 — s T W-2nss — "t W-2nea
—u* Wz — yx! “woann
v P Woansa = "W — i TPWoanig — s 2W-ame7 — X2 W-anss
—ux* 2W-znss — X P W-2n+3
3w 3w 3w 3w 3w 3w 3w 2W 2w
v -6 = X -1—rx —2-—SX -3—tx —-4—ux -5-—yx -Tvx —4 = x 1 -
2W 2w 2w 2w 2w
2.4 0 —sx -1 —tx -2 —ux -3 —yx -5
1w 1w 1w, 1w 1w 1w 1w
v = x 3-—mX 2—sx 1—tx 0—ux -1—yx -3
If we add the equations side by side, we get
n n
Lxw W ns2W W W, | Z Xkaw
v -2k = (=x —2n43 — X —2n+l X 14X 3+ —2k+1) (4.2)
k=1
k=1
z
n
n+1W n+a2W 1w 2W k+2W
—r(—x —2n+2 — X —n+x 24X 0+ X —2k)
k=1
x
n
—S(—Xn+1W—2n+1 +x1W1 + s W—zk+1)
k=1
n n
W wo o aw L nw
—t(—x —m+x 0+ —2k) — u( —2k+1)
k=1
2
n
w w 1w
W o W xk —2k+1).
k=1
Q
k=1
r
e Specific Cases
In this section, for the specific cases of x, we present the closed form solutions (identities) of the
k=1
k=1
k=1
sums 2n XKWy, 2n XKW and Zn XKW _y.1 for the specific case of sequence {W,,}.

. The case x=1
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In this subsection we consider the special case x = 1.

The case x = 1 of Theorem 2.1 is given in Soykan [31, Theorem 3.1]. For the generalized 6-primes sequence case
(x=1,r=2,5=3,t=5u=7v=11,y =13), see [7].

We only considerthecasex=1,r=1,s=1,t=1,u=1, v=1, y =2 (which is not considered in [31]).
Observe that setting x =1, r =1,s =1, t =1, u =1,v =1,y =2 (i.e. for the generalized sixth order

Jacobsthal sequence case) in Theorem 4.1 (b), (c) makes the right hand side of the sum formulas to be an
indeterminate form. Application of L'Hospital rule however provides the evaluation of the sum formulas.

Theorem5.1. /fr=1,s=1,t=1,u=1,v=1,y=2then forn > 1 we have the following formulas:

k=1

(a) Xn

W = 1 (—WopistWeopist2Wo o +3Wo i +4W_ i+ Ws —W5 =2 W, —3 W1 —4W,).

k=1
9

(b) Lo Wea= Y(n+1)Wezna —2(n+2)W-2ns3 +(n+4)Wozns2 —2(n+2)W-20s1 +(7+

n)sz,. —2(/’7 + 2)W72n71 + 2W5 —3W, + 2W3 —6W, +2W; —9Wo).

k=1

(c) 2 Wozke1 = H(—(n+3)Woznea +(2n+5)W-2ps3 —(n+3)Wopia +2(n +4)W—2ps1 —
(n+3)W-2n+2(n+1)W-20-1 —W5 +4Wa —AW3 + 4W2 —7 W1 + 4Wo).
Proof.

. We use Theorem 4.1 (a). If weset x=1,r=1,s=1,t=1,u =2 in Theorem 4.1 (a) we get(a).

. We use Theorem 4.1 (b). If wesetr=1,s=1,t=1,u =2 in Theorem 4.1 (b) then we have

where

ga(x)
=(x—1)(x—4)(x+x

2+1)2

g4(X) = —X(X+ X2 + 1)(—X"(X - 2)W—2n+4 — 2X"W=-2p43 _X"(—4X +x2+ 2)W—2n+2 -

2X"W_zps1 —X(—4X2 + X3 +2)W_pp —2X"W_3p—1 + W5 + (x —3)Ws+ W3 + (X2 +1 —

4X)W> + W1 + (1 —4x2 + x3)Wo).

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use

L'Hospital rule. Then we get (b) by using
dx

X

dx

n < (ga(x))
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d ((x —1)(x —4) (X+X2 +1)z).

x=1
_ 1{(n+1)wo
_én+4
—2(n+2)W-2n+3
+(n+4)W-
2n+2
—2(n+2)W-
2n+1
H7 +n)W-2n —2(n +2)W-2n-1 +2W5 —3Wa +2W3 —6W2 + 2W1 —9Wh).
e  We use Theorem 4.1 (c). f wesetr=1,s=1,t=1,u =2 in Theorem 4.1 (c) then we have
where
n
%
xkW_
k=1
2k+1
gs(x)

= (x —1)(x —4)(x+x2 +1)2

gs(x) = —x(x + X2+ 1)(—x"W-apsa — XX — 3)W-ni3 — X" W_2p2 — X" —4x + X2 + 1)W_2p01 — x™ Wy,
—2X"(x —2)W-zp—1+ (X —2)Ws+2Ws + (x2 +2 —4x) W3 + 2W> + (2 —4x2 + x3) W + 2W).
For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use

L'Hospital rule. Then we get (c) by using
dx

dx

2 4.(gs(x))
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g (x—=1)(x—4) (X+X2 +1)z).

1(—(n+3)W-
2n+4
+ (2[1 + 5)W*2n+3

—(n+3)W-
2n+2

+2(n+4)W-
2n+1

—(n + 3)W—2n + 2(/’1 + 1)W—2n—1 —Ws +4W, —4Ws +4W, —7W, + 4Wo).
Q

Taking W, =J, with Jo=0,J1=1,J,=1,J3=1,J,=1,Js =1 in the last Proposition, we have the following Corollary
which presents sum formulas of sixth-order Jacobsthal numbers.

Corollary 5.2. For n =1, sixth order Jacobsthal numbers have the following properties:

1)
®)

n k=1n k=1

Jk = 1 _J—n+5 +J—n+3 +2J-n+2 + 3J—n+1 +4J-n —5).
6
9

J=ak = (N + 1 =2nsa —2(n +2)J—zps3 + (N +4))=2pe2 —2(N + 2)J—ps1 + (7 +

=20 —2(n+2)J-3p-1 —3).

(c) 2 J-akr1 = H(—(n+3=2nsa +(2n+5)J—2p13 — (N +3))=2ps2 +2(n +4)J =301 —(n +
3)./72n + 2(n + 1)./721771 —4).
From the last Theorem, we have the following Corollary which gives sum formulas of sixth order Jacobsthal-

Lucas numbers (take W, = j, with jo = 2,j1 =1,j> = 5,3 = 10,4 = 20, j5 = 40).
1)

Corollary 5.3. For n =1, sixth order Jacobsthal-Lucas numbers have the following properties:
®)

n k=1n k=1

j*k = 1( _j—n+5 +j—n+3 + 2j7n+2 +3j7n+1 +4j7n +9).
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9

j-ak = ((n+1)j-anea —2(N+2)j—2ns3 HN+4)j-2n+2 —2(N+2)j-2n+1 +(7+N)j—2n —

2(n+2)j-2n-1 —6).

(C) Z" j—2k+1 = 1( _(n + 3)j—Zn+4 + (2n +5)j—2n+3 - (n +3)j—2n+2 +2(n +4)j—2n+1 _(n +
3)j-2n +2(n + 1)j-2n-1 + 21).

Taking W, = K, with Ko =3, K1 =1, K; =3, K3 = 10, K4 = 20, Ks = 40 in the last Theorem, we have the following
corollary which presents sum formula of modified sixth order Jacobsthal numbers.

)
Corollary 5.4. For n > 1,modified sixth order Jacobsthal numbers have the following property:

®)

n k=1n k=1

Kok = 0K s 4 Ko + 2K 4 3Kom +4K—n +9).
6
9

K=k = 2((n+1)K=2n1a —2(n +2)K=2ns3 +(n+8)K=2n+2 —2(Nn +2)K—2p41 +(7 +

n)K—Zn - 2(n + 2)K—Zn—l - 3)

(©) 2 K-aks1 = 2(—(n +3)K=2044 + (20 +5)K-2n43 — (N +3)K=2042 + 2(n +4)K-2p41 —

(n + 3)K—Zn + 2(” + 1)K—2n—1 + 17)

From the last Theorem, we have the following corollary which gives sum formula of sixth-order Jacobsthal Perrin
numbers (take W, = Q, with Qp; =3,Q: =0,Q, =2,Q3 = 8 Q4 = 16, Qs = 32).
&)

Corollary 5.5. For n =1, sixth-order Jacobsthal Perrin numbers have the following property:

®)
nk=1n k=1
Q- = 1( _Q—n+5 +Q-n+3 +2Q-n+2 +3Q-n+1 +4Q-n + 8)
6
9
Q-2 = H(n+1)Q-2n4a —2(n +2)Q-2p43 + (N +4)Q-2n+2 —2(N +2)Q—2ps1 + (7 +

n)Q-2n —2(n+2)Q-21-1 —7).

(©) Zn Q-2+1 = H(—(n+3)Q-2n+a + (20 +5)Q-2n+3 — (N +3)Q-2n+2 + 2(N + 4)Q—2p+1 —
(n+3)Q-2n +2(n+1)Q-2p-1 +20).

Taking Wh = Snwith So=0, S1=1, S2=1, S3= 2, Sa= 4, S5 = 8 in the last Theorem, we have the following
corollary which presents sum formula of adjusted sixth-order Jacobsthal numbers.

)
Corollary 5.6. For n =1, adjusted sixth-order Jacobsthal numbers have the following property:

B®)

n k=1n k=1
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1(—S$

k = —n+5 +S—n+3 +25-n+2 +35-n+1 +45-n + 1)

S_
6
9
S—ak = H(n+1)S-2nta —2(N+2)S—2ns3 + (N +4)S—2042 —2(N+2)S—2ps1 + (7 +

n)S—an —2(N+2)S—2p-1 +4).

(C) Zn S_oke1 = 1( —(n+3)sz,,+4+(2n+5)$72n+3 _(n+3)$72n+2+2(n+4)572n+1 _(n+
3)S-2n+2(n+1)S-2p-1 —3).

From the last Theorem, we have the following corollary which gives sum formula of modified sixth- order
Jacobsthal-Lucas numbers (take Whn = Rn with Ro = 6, R1 = 1, R2 = 3, R3 = 7, Ra =15,Rs =31).

Corollary 5.7. For n = 1, modified sixth-order Jacobsthal-Lucas numbers have the followingproperty:

Rk =" ( _R—n+5 +R-n+3 + 2R-n+2 + 3R—n+1 + 4R—n —9).
6
9

R—z = 1((” + 1)R72n+4 —2(n + 2)R72,,+3 + (n +4)R72n+2 —2(n +2)R72,,+1 + (7 +

n)R-2n —2(n+2)R-2n-1 —39).

(©) Y R-ak+1 = Y(—(n+3)R-2n1a +(2n +5)R—2043 — (N +3)R-2042 + 2(n +4)R—2ps1 —

(n + 3)R—Zn + 2(/’1 + 1)R—2n—1 + 30)
U The case x= —1
In this subsection we consider the special case x = —1.
Takingr=s=t=u=v=y=1inTheorem 4.1 (a) and (b) (or (c)), we obtain the followingProposition.
Proposition 5.1. If r=s=t=u=v =y =1 then for n =1 we have the following formulas:

Zn (=1 Weg = (1) (—Wepss + 2Wepg —Wopis + 2Wepy —Wepg +2Wop) + Ws —
2Wa + W5 —2Ws + Wy —2Wo.

(a)

(b) 2 (_l)kW—zk = 1(=1) (2W—2n+4 —W=-2n+3 =5W=-2n+2 —2W=-2n+1+2 W-20n—W-2n-1)+

Ws —3Wa + 4W2 + W1 —3Wo).

2o (_l)kW—zku = (=1 (W—2n+4 —3W-2n+3 + 4W-2n+1 + W-2n + 2W=-2n-1) —2W5s +

Wa +5W3 +2W2 —2W1 + Wo).

(c)

From the above Proposition, we have the following Corollary which gives sum formulas of Hexanaccinumbers (take
Wn =Hn With Ho =O,H1 = l,Hz = 1,H3 =2,H4 =4,H5 =8).

Corollary 5.8. For n =1, Hexanacci numbers have the following properties:
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Zn (—1)kH—k = (—1)" (_H—n+5 + 2H—n+4 _H—n+3 + 2H—n+2 _H—n+1 + 2H—n) +H5 -

2H4 +Hs —ZHZ +H, _ZHO.

(a)

(b) 2 (_1)kH—zk = (=2 (ZH—2n+4 —H-2n43 —S5H-2n+2 —2H-2n+1 +2H-2n —H-2n-1) +

Hs —3Ha +4H, + H1 —3Ho).

)Zn (=1H_, _1((=1)n(H

(c —2n+4 — 3H-2n+3 + 4H—-2n+1 + H-2n + 2H-2n-1) —2Hs5 +

Ha +5H3 +2H2 —2H1 + Ho).

k+l =

Taking W, = E, with Eg =6, E; =1, E; =3, E3 =7, E4 = 15, Es = 31 in the above Proposition, we have the following
Corollary which presents sum formulas of Hexanacci-Lucas numbers.

Corollary 5.9. For n > 1, Hexanacci-Lucas numbers have the following properties:

(a) Zn (—1)KE—g = (—1)7 (—EF—pss + 2E—pss — E—paz + 2F—psp — E—pey + 2E—p) + Es —
2E4 +E3 —2E; +E; —2F,.

(b) 2n (—1)/<E_2k: 1((—1)n (2E

—on+a —E-2n43 —5E-2n+2 —2E-2n+1 +2E—2n —E-2n—1)+

Es —3E4+4E; + Ey —3Ey).

—2k+1 =

(@ 20 (-1 W 3E spes + AF2me1 + E-2n + 2E-2n-1) — 2Es +
Es+5E5 + ZEZ —2E1 + Eo)

Taking r=2,s=t=u=v =y =1 in Theorem 4.1 (a), (b) and (c), we obtain the followingProposition.

Proposition 5.2. If r=2,s=t=u=v =y =1 then for n =1 we have the following formulas:

o (—1)Wo = 1((=1)" (—Wenss + 3Wepig —2Wepis + 3Wopsy —2Wopig +3Wop) +
Ws —3W, +2W3 —3W, + 2W; —3W).

(a)

(b) 2, (=1 W2k = 1((—1)" (W=2n+s —W-2n43 —4W=2n42 —W=2n+1 +2W—20 —W=-2n-1) +

Ws —3Wa +3W2 —3Wo).

(©) 2n (1) W_ghe1 = 1((—1)" (W-2nea —3W-2ps3 +3W_2ps1 + W_pp—1) —Ws + W4 +4 W3 +
W, —2W; + W).

From the last Proposition, we have the following Corollary which gives sum formulas of sixth-order Pell numbers
(take W, = P, with Po =0,P1 =1,P, =2,P3=5,P, =13, Ps = 34).

Corollary 5.10. For n =1, sixth-order Pell numbers have the following properties:

nk=1

(b)
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(_1)kP—k =1 ((_1)n (_P—n+5 + 3P—pig — 2P—pi3 + 3P—piy — 2P—pi1 + 3P—n) + 1) (_1)kP’2k = 1((_1)" (P’2"+4 — P-2m3 —
4P-2n+2 —P-2n+1 + 2P-2n —P-2n-1) + 1).

(C) Z" (_1)kP—2k+1 = 1((_1)n (P—2n+4 —3P-2m3+3P—p1 + P—Zn—l) - 1)-

Taking W, = Q, with Qo =6, Q1 =2, Q; =6, Qs = 17, Q4 = 46, Qs = 122 in the last Proposition, we have the
following Corollary which presents sum formulas of sixth-order Pell-Lucas numbers.

&)
2
Corollary 5.11. For n =1, sixth-order Pell-Lucas numbers have the following properties:
nk=1
k=1
(b) 2
k=1

(=1)Q = 1 ((=1)" (~Q-ss + 3Qnss — 2Q—pe3 + 3Qns2 — 2Q-pe1 + 3Q_y) — 14). (=1) Q= (=1 (Q o,
—4Q-2n+2 —Q-2n+1+2Q-2n —Q-2n-1) —16).

2h (-1kQ (-1 (Q

(c) —2k+1= —2n+4 —3Q-2n+3 + 3Q-2n+1 + Q-2n-1)).

Observe that settingx=—1,r=1,s=1,t=1,u=1,v=1,y =2 (i.e. for the generalized sixth order Jacobsthal
case) in Theorem 4.1 (a), makes the right hand side of the sum formulas to be an indeterminate form.
Application of L'Hospital rule however provides the evaluation of the sum formulas.

Theorem 5.12. Ifr=1,s=1,t=1,u=1,v=2,y=2then forn > 1 we have the following formulas:
2(-1)

(n+3)W-pi2 —(—1)

(n+7)W-pi1 +(—1)

(2n +9)W—, + Ws —3W, + 4W;5 —

k=1

n

9

n

n
(a) Zn (—D*AWog = 1(—(=1)" (n+1)Wopss +(—1)7 (20 +3)Wepes —(—1)7 (n+4) W=ps3 +

6W2 +7W, —9W0).

k=1

(b) 2 (_l)kW—zk =2 ((=1) (3W—Zn+4 —2W=2n+3 =7 W=-2n+2 =2 W-2n+1+3W-2n—2 W-2n-1)+
Ws — AW, + Wi + 6Ws + Wy — 4W).
o
(c) 2 (=1 Wezker = L ((—1)" (W=2n+a —A4W=2013+W-2042+6 W24 14+ W-20+6 W-20-1) —

3Ws +2Wy + 7Ws5 + 2W, —3 W, + 2Wo).
Proof.

e  We use Theorem 4.1 (a). If wesetr=1,s=1,t=1,u =2 in Theorem 4.1 (a) then we have
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where

k=1

= —(X—

dx

n+5 +(

n+4

ge(x)
2)X* L)X H+X, 4 1)(—x+x2 +1)
ge(X) = X" W_pis —X" U x— 1)Weopag +X" X2 +x+1)Wopes +X"( =3 +x2 +x+ 1)Wopao +X (=X +x3 +x2

HXHL) W e +XM (X5 x4 03 +x2 +x+1) W +xWs +x(x — 1)Ws — x(—x2 + x+ 1)W5 — x(—3 + X2+ x + 1) W,
— X(=X4 408 + X2+ x + 1)W1 —x(—x° +x* +x3 +x2 +x+ 1) Wo.

For x = —1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L'Hospital rule. Then we get (b) using

T(-DWo =
< (gelx)
2 2

o (=X =2)(x+ 1){x+x +1)(—x+x +1)).

9

= 1(—(—1)" (n+1)W- -1)"
(2n+3)w

—(—1) (n+8)W=-n3+2(—1) (n+3)W=-ns2 —(—1) (n+7)W-na
+(=1)" (2N + QYW_p + Ws —3W,4 +4W;5 —6W, + TW; —9W).

(b) Take x= —1,r=1,s=1,t=1,u=1,v=2,y =2 in Theorem 4.1 (b).
(c) Take x=—1,r=1,s=1,t=1u=1,v=2,y =2 in Theorem 4.1 (b). Q

Taking W, =J, with Jo=0,J1=1,J,=1,J3=1,J,=1,Js =1 in the last Proposition, we have the following Corollary
which presents sum formulas of sixth-order Jacobsthal numbers.

Corollary 5.13. for n > 1, sixth order Jacobsthal numbers have the following properties:

(a)

Lo (=19 = H=(=2) (1 + Wmpus + (=1)7 (20 + 3Vpea = (=1)7 (0 + 4)ps +

2(-1)

(n+3)J-ns2 —(—-1)
(n+7)J-ns1+(—-1)
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(2n+9)J—,+3).

k=1
10
(b) 2o (=g = 1 ((=1)" (3J=2nss —2=2m3 —TJ=2n42 —2J=ams1 +3J—3p —2)—3p-1)+5).
k=1
10

Lo (W _ (=100

(c)
From the last Theorem, we have the following Corollary which gives sum formulas of sixth order Jacobsthal-
Lucas numbers (take Wh = jnwith jo = 2,j1 =1,j2 = 5,3 = 10,ja = 20, s = 40).

K+l —2n+4 —AJ—2n+3 +J-2n+2 + 6J-2n+1 +J-2n +6J-2n-1) +5).

Corollary 5.14. For n =1, sixth order Jacobsthal-Lucas numbers have the following properties:
2(-1)

(n+3)j—nr2 — (1)

(N +7)j—pe1 +(—1)

(2n +9)j—p, —21).

k=1
10
k=1
n
9
n
n
(a) Zn (=14t = Y—(=1)"(n + 1)jpss + (—1)7(20 + 3)jopea — (—1)7 (1 + B)jpss +
(b) Lo (—1)5-ak =2 ((—2)"(3j-2048 —2j—2043 —Tj—2042 —2j 241+ 320 —2j-2n-1) —7).
k=1
10
Xn (—1)yg L (=) G , . . , ,
(c) —2k+1 == —2n+4 —4j-2n+3 +j—2n+2 + 6j-2n+1 + j—2n + 6j-2n-1) + 1).

Taking jn = Knwith Ko =3, K1 =1, K2 =3, K3 = 10, Ka = 20, K5 = 40 in the last Theorem, we have the following
corollary which presents sum formula of modified sixth order Jacobsthal numbers.

Corollary 5.15. For n >1,modified sixth order Jacobsthal numbers have the following property:
2(-1)

(n+3)K-ns2 — (1)

(n+7)K-ps1 +(—1)

(2n +9)K-, —18).

®)

k=1

9

(a) Yo (—1*K g = L(—(=1)" (n+1)K_pes + (—1)7 (20 +3)Knea — (—1)7 (1 + 8)K_pe3 +

k1

&)

10
23).

(—1fK g = 2 (S0 B oK s —TK-am2—2K-2ns143K-2n—2K-2n1) —

10

nk=1
1),

(—1)K-2e1 = L ((—1)" (K-20+4 —8K=2n+3+K—2n+2+6K—-20+1+K-2n+6K-2n-1) —

From the last Theorem, we have the following corollary which gives sum formula of sixth-order Jacobsthal Perrin
numbers (take K, = Q, with Qo =3,Q1 =0,Q, =2,Q3 =8, Q4 =16,Qs = 32).
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Corollary 5.16. For n =1, sixth-order Jacobsthal Perrin numbers have the following property:
2(-1)

(n + 3)Q—n+2 _(_1)

(n + 7)Q—n+1 + ( _1)

(2n+9)Q-, —23).

)
k=1
9
@) 20 (~1RQ = H(=(=107 1+ 1)Qws + (<17 (21 + 310 — (=10 (1 +8)Q-res +
k1
)
10
24).
( —l)kQ—zk =2 (=1 (3Q—Zn+4 —2Q-2m3 —7Q-2m2 —2Q-2n+1+3Q-2n—2Q-2n-1) —
10
nk=1
2).

( —l)kQ—2k+1 =1 ((=1)" (Q-2n+4 —4Q-20+3+Q-2n+2 +6Q-2n+1+Q—2n+6Q-2n—1)+

Taking Q, = S, with S = 0,51 =1,5, =1,53 =2,5, =4,Ss = 8 in the Theorem, we have the following corollary
which presents sum formula of adjusted sixth-order Jacobsthal numbers.

Corollary 5.17. For n =1, adjusted sixth-order Jacobsthal numbers have the following property:
2(-1)

(n+3)S-ni2 —(-1)

(N+7)S—ps1 +(—1)

(2n+9)S-, +5).

k=1
10
k=1
n
9
n
n
(a) Y (DRS¢ = L{—=(=1)7(n + 1)S—pes + (=1)7 (20 + 3)S—pes — (=1)7(n + 4)S—pes +
(b) Z" (_1)k5—2k = _1 ((_1)" (35—2n+4_25—2n+3_75—2n+2_25—2n+1+35—2n_ZS—Zn—1)+1)~
k=1
(c) 2n (_1)k5—2k+1 = 1 ((=1) ($—2n+4 —4S5-2n+3 +5—2n+2 +65-2n+1 +S-2n +65-2n—1) —3).

10
From the last Theorem, we have the following corollary which gives sum formula of modified sixth- order
Jacobsthal-Lucas numbers (take S, =R, withRy = 6, R = 1, R = 3, R3 = 7, R4 =15,Rs =31).

Corollary 5.18. For n = 1, modified sixth-order Jacobsthal-Lucas numbers have the following property:

Y (—1)Roi = 1(—(=1)7(n + 1)R=nss + (—1)7 (20 + 3)Ropsa — (—1)7 (N + 4)R—ps3 +
2(-1)

(n +3)R-n+2 —(—1)

(n+7)R-n+1+(—1)

(a)
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n

(2n+9)R-n —51).

B®)

n
k=1

27).
(—1)Rp = 2 (1) BR et —2R-2ms3 —7R-2m2 —2R-2ns1 +3R-2n —2R-2n-1) —
k=1

Lo (IR __a((-10 (R

(C) k+1

—2n+4 —4R-2n+3+R—2n+2+6R-2n+14+R-2n+6R-2n—1)+1).
Taking r = 2,s =3,t =5,u=7,v =11,y = 13 in Theorem 4.1 (a), (b) and (c), we obtain thefollowing proposition.

Proposition 5.3. If r=2,s=3,t=5u=7,v =11,y = 13 then for n =1 we have the followingformulas:

Z" (_l)kW*k = 1((_1)n (an+5 —3W-pis —5W-pi2 —2W-psa —9W,n) —Ws +3W, +
SW2 +2W1 + 9Who).

(a)

k=1
82
(b) 2n (=1 Wz =2 ((=1)" (5W=-2p1a —6W-n13 —28W—p12 —31W_pps1 —27W—3, —
52W_op—1) + 4Ws —13W, —6W3 + 8W, + 3W; — 17W,).
k=1
82
(c) Zn (_1)kW—2k+1 = 1 ((=2)n (4W—2n+4 — 13W-2m3 — 6W=-2n+2 + 8W-2n+1 + 3W-2n +

65W-2n-1) —5W5s + 6Wa + 28W3 + 31W2 + 27W1 + 52Wh).

From the last proposition, we have the following corollary which gives sum formulas of 6-primes numbers (take Wn =
Gnwith Go =0,G1=0,G2=0,G3=0,Ga=1,Gs =2).

Corollary 5.19. For n =1, 6-primes numbers have the following properties:

k=1
4
(a) Z" (_1)kG—k = 1((_1)n (G—n+5 _SG—n+4 _SG—n+2 _ZG—n+1 _gG—n) + 1)
k=1
82
(b) 2n (—1)G-2« =1 ((—1)"(5G-2n4a — 6G-2n43 — 28G—2n42 — 31G-2p41 — 27G—2p —
)
52G-2p-1) —5).
82
nk=1
4).

(—1)C gy =2 (F1 G 136 203 —6G-2042+8G2041+3G-20+65G —2n—1) —

Taking G, = H, with Ho = 6, H; = 2, H, = 10, H3 = 41, Hy = 150, Hs = 542 in the last proposition, we have the
following corollary which presents sum formulas of Lucas 6-primes numbers.

1)

Corollary 5.20. For n > 1, Lucas 6-primes numbers have the following properties:
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nk=1
. k=1
. 52H-2n-1) — 44).
D)

(—1)¥H—t = Y((—=1)" (H=nss —3H—ea —5H—-nr2 —2H—pe1 —9H—p) + 16).
4
82

(—1)kH72k =1 ((—1)n(5H72"+4 — 6H-2n+3 — 28H-2nv2 — 31H-2n+1 — 27H-2n —

k=1
82

(©) X (_1)kH72k+1 _ 1 ((—1)n (4H

65H_2n_1) + 14).

—2n+4 — 13H-2m43 — 6H-2n+2 + 8H-2n+1 + 3H-2n +

From the last proposition, we have the following corollary which gives sum formulas of modified 6-primes
numbers (take Hn = Enwith Eo =0,E1 =0,E2=0,E3=0,Ea=1,E5 =1).

i)

Corollary 5.21. For n =1, modified 6-primes numbers have the following properties:

k=1

9).
(b)

(—1)E—x = Y((—1)" (E—p+s —3E—p+a —5E—psa —2E—pi1 —9E_p) +2).
4
82

(g = 2 BE 6 32822 —31E-om1 —27E-20—52E-2n-1) —

)
82
nk=1
1).
(=) gy =2 (D BE 3 s 6F 2m2+8E2n1+3E20+65E-2n-1)+
. The case x=i

In this subsection, we consider the special case x = .
Takingr=s=t=u=v=y=1in Theorem 4.1, we obtain the following proposition.

Proposition 5.4. If r=s=t=u=v=y=1 then for n >1 we have the following formulas:
k=1
2+i

Yo EMWog = L (i —iWenes +(1+DWenes —(1 —20)Wepez —2Wepsa —iWepey +(1+
)Wen) +iWs — (1 +)Wa + (1 —2)Ws + 2W2 + iWa — (1 + ) Wo).

(a)

(b) 2 KWoy = _L (i"(2W-2nsa —(2+)W-2p13 —(2 =3))W-ps2 —(1+)W-20s1 —(5+
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NWoan —W_gp—1) + Ws —3W,4 + (1 +i))Ws + (1 —3i)W, +iWy + (4 + )Wo).
k=1
—4+i

(©) 2 FW-yks1 = _ 1 (i"(—1W-2n4a +3iW—-2p43 +(1 =) W-2p42 —(3 + i) W-2ps1 + W2+
2W_op—1) —2Ws + (2 + i)Wy + (2 —3i)W3 + (1 + i)W, + (5 + i)Wy + Wo).

From the above Proposition, we have the following Corollary which gives sum formulas of Hexanaccinumbers (take
W, =H, with Ho=0,H1 =1,H, =1,H3 =2,H, =4, Hs = 8).

Corollary 5.22. For n =1, Hexanacci numbers have the following properties:

k=1
2+
(@) Yo FHeg= L (in(—iHones + (1 )Homea — (1 = 20)Honsz —2H-m2 —iHope1 +(1+
i)Hon) +1).
k=1
—4+i
(b) 2 *H— =_1 (i"(2H-2n+a —(2+i)H-2ne3 — (2 —3))H=-2n42 — (1 +i)H-2n41 —(5+
i)Hfzn _Hfznfl) - 1)
k=1
—4+i
(C) Zn ikH*2k+1 = _1 (In( —iH-2n+4 +3I’H72n+3 +(1 _i)H*2n+2 _(3 + I) H-zns1 +H-2n+

2H-2p-1) +2).

Taking Hn = Enwith Eo =6, E1 =1, E2 = 3, E3 = 7, Ea = 15, Es = 31 in the above Proposition, we have the following
Corollary which presents sum formulas of Hexanacci-Lucas numbers.

Corollary 5.23. For n =1, Hexanacci-Lucas numbers have the following properties:
k=1
2+

Y FE_ = 1 (in(—iE—pss + (1 +i)E—pea — (1 — 2i)E—pss — 2F—pr2 — iF—per + (1 +
NE_,) +(—8 —3i)).

(a)

k=1
—4+i

(b) Zn ikE—zk = _1 (i"(ZE—2n+4 - (2 + i)E—2n+3 - (2 - 3i)E—2n+2 - (1 + i)E—2n+1 - (5 +

i)E*Zn - E*anl) + (20 + 5I))
k=1
—4+i

2 E—ys1 =_LY (i"(—iE-2n+a + 3iE—2p43 + (1 —i)E—2pe2 — (3 +i) E—gpi1 + E—op +

(c)
2E_3p—1) +(—4 —2i)).

Corresponding sums of the other sixth order generalized Hexanacci numbers can be calculated similarly.

e Conclusion

Numerous studies of numerical sequences have been published in the literature recently, and these sequences
have been extensively employed in a wide range of scientific fields, including physics, engineering, architecture,
nature, and the arts. It was demonstrated in this work that linear sum identities exist. The technique employed
in this research is also applicable to the other linear recurrence sequences. The linear sum identities have been
written in terms of the generalised Hexanacci sequence. The corresponding identities for the Hexanacci,
Hexanacci-Lucas, sixth order Pell, sixth order Pell-Lucas, sixth order Jacobsthal, sixth order Jacobsthal-Lucas,
modified sixth order Jacobsthal, sixth-order Jacobsthal Perrin, adjusted sixth-order Jacobsthal, modified sixth-
order Jacobsthal-Lucas, 6-primes, Lucas 6-primes, and modified 6-primes sequences have been presented as
special cases. Induction can be used to prove each of the identities stated in the corollaries, but it provides no
information regarding how those identities were found. We provide the evidence to show how these IDs were
generally found.
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